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RESUMEN

Inspirdndose en los fundamentos de Shapley, Myerson (1977) propuso una solucién
Unica para juegos en forma de funcion de particién caracterizados por tres axiomas:
linealidad, simetria y el axioma del portador. Esta investigacion tiene como objetivo
determinar si se puede llegar a una caracterizacién alternativa mediante la inclusion
de un axioma de nulidad. Hasta donde sabemos, no existe tal caracterizacion en la
literatura actual. Se presenta una propuesta para una definicion de jugador nulo,
revelando que la caracterizacion derivada no es Unica. En cambio, se presenta una
familia de soluciones parametrizadas, demostrando la diversidad de reparticiones
potenciales en este contexto.

PALABRAS CLAVE

Juegos en forma de funcién de particién, valor de Myerson, jugadores nulos, valor de Shapley.

ABSTRACT

Drawing inspiration from Shapley’s foundations, Myerson (1977) proposed a unique
solution for games in partition function form characterized by three axioms: linearity,
symmetry, and the carrier axiom. This research aimed to determine if an alternative
characterization can be reached by including a nullity axiom. As far as we know,
there is not such characterization in the current literature. A proposal for a null player
definition is introduced, revealing that the derived characterization is not unique.
Instead, a family of parameterized solutions is presented, demonstrating the diversity
of potential outcomes in this context.

KEYWORDS

Games in partition function form, Myerson value, null players, Shapley value.

ARTICULOS () OO 1

Cémo citar: Sanchez-Pérez, J., & Lozano-Martinez, A. (2025). Un axioma de nulidad para juegos en forma de funcién de particion. Revista de Métodos Cuanti-
tativos para la Economia y la Empresa, (40), 1-18. https://doi.org/10.46661/rev.metodoscuant.econ.empresa.l1064



Revista de Métodos Cuantitativos para la Economia y la Empresa
N. 40,2025 — ISSN:1886-516X — DOI: 10‘46661/rev.metodoscuont‘econ.emprescﬂ]064 - [Pégs. 1-18]

Un axioma de nulidad para juegos en forma de funcién de particién
Joss Sanchez-Pérez, Antelmo Lozano-Martinez

Clasificacién JEL: C71, C02.
MSC2010: 91A12, 91A80, 91A40

1. INTRODUCTION

A game in partition function form refers to a situation in game theory where the actions of one
player (or a group of players) affect other players in a way that is not reflected in the payoff
functions of those players. In this case, externalities can be positive or negative.

Externalities can be positive when the action of one player benefits other players in the game
without compensating them. For example, in a network effects scenario, the more users a plat-
form has, the more valuable it becomes to all users. Also they can be negative when the ac-
tion of one player imposes costs on other players in the game without compensating them. An
example could be pollution caused by a factory affecting the health and well-being of people
living nearby.

Games with externalities (modeled as games in partition function form) are interesting because
the optimal strategies for each player may not take into account the full impact of their deci-
sions on others. This can lead to suboptimal outcomes from a societal perspective, where the
total welfare of all players could be improved if players coordinated or cooperated differently.

For instance, in environmental economics, the presence of negative externalities (like poIIution)
often leads to inefficient outcomes because individual firms may not fully account for the costs
imposed on society. Game theory helps analyze such situations and suggest ways to achieve
better outcomes through policy interventions, cooperation mechanisms, or changes in incentives.

This kind of games were introduced formally by Lucas and Thrall (1963) and Myerson (1977) ex-
tends the idea of the Shapley value (Shapley, 1953) to situations where the value of coalitions is
defined by a more complex function (partition function form), where interactions among coali-
tion members affect the total value.

It has been shown that Myerson’s value can be characterized by the axioms of linearity, sym-
metry, and carrier (similarly to Shapley’s value), but it was not clear if a unique characterization
could be found using the axioms of linearity, symmetry, nullity, and efficiency (as is the case with
Shapley). This characterization, based on a “null player”, is crucial for understanding how bene-
fits are distributed in cooperation situations where players can form coalitions.

Other authors have proposed different definitions to characterize a player as null in partition
function form games. These definitions vary in their conditions and approaches. For example,
Pham Do and Norde (2007) defined a player as null if their contribution to any coalition is zero, and
if by changing coalitions, the total wealth is not affected. Macho-Stadler et al., (2007) proposed a
similar definition, but without the condition that the null player does not generate value by them-
selves. Hafalir (2007) introduced the concept of an efficient-covering null player and compares
how what he calls an “efficient partition” behaves instead of the original partition, where he expli-
citly assumes that the remaining players in the coalition are individuals (individual players without
coalitions). Bolger (1989) defined a player as null in the strong sense if their transfer between coa-
litions does not affect the wealth of any coalition. Skibski (201) introduced the concept of a null
player with constant marginality, which characterizes such a player as one whose contribution to
wealth is consistent and balanced in all possible partitions of the player set.

In our work, we have proposed a definition of a null player, based on Myerson’s carrier axiom,
that focuses on the redistribution of wealth in the game when the null player is present or ab-
sent in a coalition. Our definition evaluates how a partition P of players changes when the null
player is involved in a coalition and when they are not. Unlike other definitions, our proposal does
not establish specific conditions on the value of the null player or their impact on other coali-
tions. We have analyzed how our definition compares with other proposals in the literature and
highlighted the differences in approach and requirements to be considered a null player.
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In particular, we explore the possibility of finding a unique solution that satisfies the axioms of
linearity, symmetry, nullity and efficiency. We find that our notion of a null player generates an
infinite variety of solutions, and that Myerson’s value represents a specific case within this set.

The article is organized as follows. In the next section we focus on establishing the necessary
basic concepts and notation for the further development of our work. In Sect. 3 we present a new
proposal for the definition of a null player (and its corresponding nullity axiom), directly derived
form the carrier definition presented in Myerson (1977). A characterization of all solutions sa-
tisfying the properties of linearity, symmetry, nullity and efficiency is presented in Sect. 4. In the
same section we contrast our results with those presented in related literature.

2. BACKGROUND CONCEPTS AND NOTATION

Game theory relies on fundamental mathematical concepts and we will follow standard nota-
tion, conventions and mathematical language.

Let N={1,..,n} be a finite set of players. A coalition is any subset S of N and let 2¥={T|TSN,T+0} be
the set of all non-empty subsets of N.

Let S'=S\{i} and S*=Su{i}. The cardinality or size of a set S, denoted by |[S|, is the number of ele-
ments in S. A set consisting of a single element is called a singleton; the set containing no ele-
ments is the empty set, denoted by @.

A partition of SCN, is a set {S ,S,,...S_} of subsets of S such that

m
Usizs, SNSe=0 Vj#k

=1

The set of partitions of S is denoted by fi(s).

By convention, @eP for every partition P and |P| will denote the number of nonempty sets in P. The
partitioning of the set S into singletons is denoted by [S]={{j}|j€S}.

We say that a coalition C is embedded in partition P if CEP; by embedded coalition we mean a
pair (S,P), the coalition together with the embedding partition. The set of embedded coalitions is

E={(C,P)|CeP,PellN)}

For a set S, an element ieS, and a partition P={S,,S,...S } of S, let P(i)€P such that ieP(i).

Also, let P' (T)=P\{P(i), T}U{P(i)", T*} denote the partition that results when player i leaves its current
coalition and joins coalition T. Let IT' (P)={P' (T)|TERT=P(i)} denote the set of partitions that may
result when player i leaves his current coalition and either joins another coalition or stays single.

Let P and Q be two partitions of the same set. The partition R is a common refinement of P and Q
if R is a refinement of both P and Q. The coarsest common refinement is denoted by PAQ. The
operation A as follows (Myerson (1977)):

PAQ={(SNT|SEP,T€QSNT =0}

PAQis anintermediate partition that captures the intersection of the two original partitions P and Q.

A permutation is a bijection of a set onto itself. For a set N, the set of permutations is S ={m:N-N|n
is bijective}, where a generic element is denoted by m and it can be seen as an ordering of the set
N. The permuted image of a particular ieS element of S is mi. It is natural to consider permutations
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of sets, partitions, or even functions: given a permutation nes , the set SEN is nS={mi|i€S}. The per-
mutation of a partition PeIT(S) follows naturally: nP={nS, |S.€P}. The permutation of an embedded
coalition is w(S,P)=(nS,P). For neS_ and x=(x,,..x )ER", Tx=(X, ;X ,)-

2.1. Integer partitions

A partition nonnegative integer is way of expressing it as the unordered sum of the other posi-
tive integers, and it is often written in tuple notation. Formally, A=[A_1,A_2,..,A_1] is a partition of n
iff A,A,,..,A, are positive integers and A +A,+..+A=n. Two partitions which only differ in the order of
their elements are considered to be the same partition. The set of all partitions of n will be deno-
ted by A(n), and, AeA(n). |A| is the number of elements of A.

For example, the partitions of n=4 are [1,1,1,1],[2,1,1], [2,2], [3,1] and [4]. Sometimes we will abbre-
viate this notation by dropping the commas, so [2,1,1] becomes [211].

If PEN"(N), there is a unique partition A,€A(n), associated with P, where the elements of A, are
exactly the cardinalities of the elements of P. In other words, if P = {S,S,,...S_}€II"(N), then A_=[|S,

LIS, 1slS,, 1]

For a given AeA(n), we represented by A° the set of the numbers determined by the A's and for §ex,
we denoted by m} the multiplicity of § in partition A with the condition of ms = 1. So, if A=[4,2,2,1,1,1],
then x»={1,2,4} and m{ =3, m} =2, mf = 1.

Let A,yeA(n) be partitions such that y°ci:, we define the difference A-y as a new partition obtained
from A by removing the elements of y. For example, [4,3,2,1,1,1]-[3,1,1]=[4,2,1].

2.2. Games in partition function form and the Myerson value

In games with coalition structures, codalitions are part of the usual practice, and multiple coalitions
may (and usually do) coexist. For such games, we must define the coalitional values together.

For a partition P, payoffs to coalitions C&P, including the empty set, are conventionally assumed
to be undefined, making the definition elegant but somewhat awkward. More contemporary de-
finitions use embedded coalitions:

Definition 1 A game in partition function form is a function
w:& - R

that assigns a real value to each embedded coalition (S,P), and such that w(®,P)=0 VP.

Note that, E representing the set of embedded coalitions, is the set of coalitions together with
specifications as to how the other players are aligned.

The set of games in partition function form with player set N is denoted by I, i.e,

fF=w:E->Rw®P)=0 vPell(N)}

The value w(S,P) represents the worth of coalition S, given the coalitional structure P. We can see
that in games in partition function form (and that in this work, we will only call them games), the
worth of some coalition S depends not only on what the players of such coalition can obtain to-
gether, but also on the way the other players are organized in N\S. We assume that, in any game
situation, the universal coalition N (embedded in {N}) will actually form, so that the players will
have w(N,{N}) to divide among themselves.

Now, given w,, w, eand a€R, we can define the sum w +w, and the product aw, in [, in the usual
form, i.e,
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(wy +wo)(S,P) =wy (S, P) +wy(S,P) and (awy)(S,P) =aw,(S,P)

respectively. It is easy to verify that [ is a vector space with these operations.

A solution on ' is a function ¢:I'>R" If ¢ is a solution and wef, then we can interpret ¢, (w) as the
utility payoff which i should expect from de game w.

Myerson's article in 1977 represented a significant achievement by proposing a method for allo-
cating fair contributions in games in partition function form. This method is based on three fun-
damental axioms, analogous to the Shapley value (Shapley, 1953) for games in characteristic
function form, but applied to games expressed in the form of a partition function: linearity, sym-
metry, and the carrier axiom.

Axiom 1 (Linearity) The solution ¢ is linear if

p(wy +awy) = e(wy) + ap(wy) VYwy,w, € ['and ¢€R

Axiom 2 (Symmetry) The solution ¢ is said to be symmetric if and only if @(mw)=me(w) VTES ,
where the game nw is defined as

(rw)(S,P) = w[r~1(S5,P)], VY(S,P)EE

The linearity axiom tells us how a solution behaves when we linearly combine games, allowing us
to calculate the payoff in the combined game as a weighted mixture of solutions in the original
games.

Symmetry means that player’s payoffs do not depend on their names. The payoff of a player is
only derived from his influence on the worth of the coalitions.

Definition 2 Given wef, the set T is a carrier of w if for any embedded coalition (S,P),

w(S,P)=w(SNT,PA{T,T}

In other words, T is considered a carrier of w if the outcomes obtained by players in S when coo-
perating in coalition P are the same as what they would achieve when restricted to T. Notice that
if a player iis not in T, then w({i},P)=w({i}nT,P)=w(®,P)=0, i.e,, such player has no influence on the
outcome.

The following axiom suggests that the total amount obtained by the grand coalition should be
distributed among the members of a carrier:

Axiom 3 (Carrier) For any wef, if T is a carrier of w, then the following holds

D, piw) = w(v, v

iET

Myerson proceeds axiomatically similarly to Shapley and proposes a value that extends the
Shapley value. His proposal satisfies the axioms of linearity, symmmetry, and carrier.

Theorem 1 (Myerson, 1977) The solution My:I'=R" defined as follows:

1
(1P| =D —IT])

1
Myw) = Y (D72 - D - W(S.P)

(SP)ee TEP\(S}
ieT
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where ieN and weT, represents the unique solution that satisfies the axioms of linearity, symme-
try, and carrier.

Example 1 Now, if N={1,2,3}, according to the Myerson value, the payoff for player 1 is

Mysw) = 3 w({123},{{123}})
— 4 w1 ({13, (23, 339) — w23, ({1}, (23, (33) — w((3}. ({1}, 23, 3}})
+3 w1 ({1, (231) - w({2}, (2}, (1L3)}) - w((3}, ({3} {1.23)
+ 5 (w({12 (03}, (123 + w({1,3}, ({23, {1.3}}) — 2w (2.3}, ({1}, {23}}))

The Myerson value can be seen as an extension of the well-known Shapley value for games in
characteristic function form. Formally, a game in characteristic function form is a function v:2¥-R
such that v(@)=0. Notice that v(S) represents the worth of each coalition S, independently of the
partition structure. For this kind of games, the Shapley value Sh is defined as:

swey =y T s v - vl

(SCN:igs)

for each player ieN and each characteristic function v.

3. NULL PLAYERS IN GAMES IN PARTITION FUNCTION FORM: A NOVEL PROPOSAL

In this section we will introduce a new version of the null player concept, derived from the carrier
concept of Myerson (1977). In this way, we will be able to investigate if it is possible to uniquely
characterize the Myerson value based on a nullity axiom and an efficiency axiom, similar to the
approach used for the Shapley value for games in characteristic function form.

Here, a player ieN is considered a null player in wefl* if only if N is a carrier (Definition 2) of w.
According to the definition above, if we have a partition P of N, we can observe the following:

1. If i €85, then:

w(S,P) =w(SNN-LPA{NT,N\N)
=w(S"LPA{NTL{i}D)
=w(S™L{S7L{i}} U P\{S}

2. If i 25, then:
w(S,P) =w(SNN-L,PA{N",N\N"'})

=w(S,PA{NTL{i}))
= w(S, {(P(N7L{iNuP\{P(ON

If i £ S, then S=S'and if ieS, then S=P(i). This leads us to the following definition

Definition 3 Given a game in partition function form w, a player ieN is a null player in wef if v(S,P)€E

w(S,P) = w(S™, {(PD) {1} U PP D))
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This proposal evaluates how the wealth generated by the coalition S varies depending on whether
player i is part of that coalition or not. To do this, it adjusts the partition P based on whether i is
present or not in the involved coalitions. Removing player i from all coalitions reflects the ques-
tion of how wealth would be distributed if i were not present. For instance, if n=4, P={{1,2},{3,4}},
and player 1 is a null player, then w({1,2},{{1,2},{3,4})=w({2},{{1}.{2}.{3.4}}) and w({3,4},{{1,2},{3,4}})
=w({34{{1}1{2}.{3:4}}).

Now we are ready to state the following axiom.
Axiom 4 (Nullity) If ieN is a null player in wel', then ¢, (w)=0.

The nullity axiom only makes sure that a player with absolutely no influence on the gains that
any coalition can obtain, should not receive nor pay anything.

In addition and derived from the carrier axiom, we will consider a property where the sum of the
individual values of the players in the grand coalition, acting as a carrier, is equal to the total
value of the grand coalition. This leads us to establish the following axiom.

Axiom 5 (Efficiency) For any partition function form game w,

D ou(w) = wn, (V)

iEN
This reflects the implicit assumption that players are willing to join the grand coalition, even if

some of them are null players who do not receive allocations.

Therefore, the Myerson value satisfies the axioms of linearity, symmetry, nullity and efficiency.
However, there are other solutions satisfying the same set of axioms, as shown in the following
example.

Example 2 For n=3, the solution given by:.

Pi(w) = % -w({1,2,3},{{1,2,3}}) + o - 2w({1}, ({1}, {2}, (3}})

—w({2}, ({1} {2}, {333) — w({3} {{1}, {2}, (3}}) — 2w({1}, ({1}, {2,3}})
+w ({2} {2} {1,33}) + w({3} {3}, {1.2}})]

+% -2w({1} {1}, {2,3}) — 2w({2,3}, {{1},{2,3}}) + w({1,2},{{3}, {1,2}})
—w({3}, {{3}, {1,2}}) + w({1,3}, ({2}, {1,3}}) —w({2Z}, ({2}, {1,3}})]

Ya(w) = % -w({1,2,3} {{1,2,3}}) + o - 2w({2}, ({1}, {2}, (3}})

—w({1}, {1} {2}, {33}) — w({3}, {{1}, {2}, (3}}) — 2w({2}, ({2}, {1.3}})
+w ({1}, {{1} {2,33}) + w({3},{{3}, (1,2}})]

+% - 2w({2} ({2}, {1,3}) — 2w({1,3}, {{2}, {1,3}}) + w({1,2},{{3}, {1.2}})
—w({3} {{3} {1,2}}) +w({2,3}, ({1}, {2,3}}) —w({1}, ({1}, {2,3}})]

Ys(w) = % -w({1,2,3}{{1,2,3}}) + o - 2w({3}, ({1}, {2}, (3}})

—w({2}, ({1}, {2}, {33}) — w({1}, {{1}, {2}, (3}}) — 2w({3}, ({3}, {1.2}})
+w({2}, {12} {1,33}) + w({1}, {{1}, {2,3}})]

+% - 2w({3} {3}, {1,2}) — 2w({1,2}, {{3}, {1,2}}) +w({2,3}, {1}, {2,3}})
—w({1}, {1}, {2,3}}) + w({1,3}, ({2}, {1,3}}) —w({2}, ({2}, {1,3}})]
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satisfies the linearity, symmetry, nullity and efficiency axioms, for any choice of the real number o.

It can be observed that, since c€eR is arbitrary, there is an entire class of solutions that fulfill the
four axioms, with the Myerson value being a particular case for ; — _ 1.

Example 3 If we assume that there are no externadlities, i.e, ¢
w({1} {{1}, {2}, {3} = w({1}{{1}.{2,3}}) = v({1}D)
w({2}, {{1}, {2}, {3}}) = w({Z}, {{2}. {1.3}}) = v({2})
w({3} {{1}, {2}, {3}}) = w({3}, {{3}. {1.2}}) = v({3})

we have

v({1,2,3})

2 4 2 201 - v((23)) + v((1.2) - v((3) + v((13)) ~ v(2D)]

P1(w) =

which is the Shapley value for player 1.
For instance, in the following game externalities are not considered:.

Table 1. A game with no externalities.

Embedded coalitions Worth
{1}.{2},{3} (14.2)
{1,2},{3} (62)
{13},{2} (4,4)
{2,3}{1} (8,1)
{123} (8)

ThUS, y(w) = Sh(v) = (1,2,2).

22

4. CHARACTERIZATION OF NULL SOLUTIONS

In this section, we delve into the detailed characterization of the family of solutions that satisfies
the axioms of linearity, symmetry, nullity and efficiency. Before delving into the exploration and
analysis of these solutions, we will begin by establishing and defining fundamental concepts
that will be essential for their understanding.

Let B, be a set of triples:
Bp = {(A4,1S1,ITDIA € AG\{[n]}, IS € 2% IT| € (A - TISID7}

Let F_be a set of pairs:

Fp = {(A1SDIA € A(n), |S| € A\ {1,n}}
For AeA(n), § # 1 and §,eeA, we define,

M=21-[6€l+[e+1,6-1]
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and
A =1-[614[16-1]

Example 4 If n=4, then

B, = {([1111],1,1), ([211],1,1), ([211],1,2), ([211],2,1), ([22],2,2), ([31],1,3), ([31],3,1)}
If n=5, then
Fy = {([2111], 2), ([221],2), ([311], 3), ([32], 2), ([32], 3), ([41],4)}

For instance, if (A,|S|)=([2111],2), we have m# =1, A2 = [11111] and A% = [2111]..

Additionally, let = {BO g |AISLITEB } be a set of parameters indexed by B and we define for
any embedded coalltlon (S,P) such that S=N and for any fixed wef, the quantlty

8 IT|Beag, sty - w(S.P) if i €S
4 (S, P)= TEP\(S}

=SBz sty - w(S,P)  ifi €S

Next, we provide the characterization result.

Theorem 2 The solution y:I'-R" satisfies linearity, symmetry, nullity and efficiency axioms if only
if it is of the form

Q)
pw) ="y v Al P
( P)eE
S=N
for some real numbers Bz{Bmsmn |(AIS|LIT])EB,} such that

(2)

_ 1
Bn-1110-11) = 5575

and
For every (A,8)€F :

(3)
EHZU{O} [Sméﬁ(kﬁ,e) (e 1)”123@2,5—1,&1)]
[

= (m§—1) [(8 ~ DBass-15+1) ~ SB(M.S)]
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Moreover, such representation is unique.

Proof. First, let ¢ be a solution on [ that satisfies the four axioms. From Sanchez-Pérez (2023,
Theorem 1), if Y is linear, symmetric and efficient, then there exists a unique sequence B={p
|(AISLITEB } such that for any ieN,

ISLIT

pw) =B 3 AP (s P
(S,P)eE
SN

Now, consider a basis {up, |(SP)EES=0} for I, where the games u ., are defined by

(SP)

1 fSCTandPAQ="P
0 otherwise

uispy(T,Q) = {
Notice that ieN is a null player in the game u(N—i'{N—i'{i}}), since
u(N_i,{N_f’{i}})(s, P)— u(N_i,{N_f,{i}}) (S_l, {S_I, {L}} U P\{S}) =

and

(st 1) 5 P) ~ Y-t o) S (PO I UP\P@Y = 0

for every (S,P)€E.

The nullity axiom implies:

0= wi(u(N_aj{N_s,{i}})) = %_ (n— 1).3([n—1,1],n—1,1)

Hence,

1
6([11—1,1],71—1,1) = n(n-1)

Once again, the nullity axiom implies

(4)

0=v;(wsp) = TEZ};\S IT1Barsirp — UST— 1)3({?1'(T),r+i}uso\{s,r},|s|—1,\T|+1)]

for every pair (S,P)€E such that [S|¢{1,n} and ieS.

Notice that relation (4) yields many repeated equations. In particular, such relation provides the
same equation for (S,P) and (S'P’), if [S|=|S|" and A,=A,.. Therefore, the number of distinct equations
derived from (4) coincides with the number of elements in F.

On the other hand, for a fixed (S,P) such that |S|¢{1,n}, it holds:
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(5)
2 )
(mig = 1)1S1Bagsiysy  if ITI = 1]
Y AT1Bap s irp = Ap :
refgsy T APISHTD EE)%U{G} eme Bugsie) U T # 15|
ex|S|
and also
(6)
ip . B
(mISI 1) B((A?)'S' IS|-1/5]+1) if IT] = |S|
Y Bpicryrtiyupisys|-1T|+1) = Ap :
r s PP @ up(s Ty IS -1 +) Ee,%u{o}m‘“ BlapSs-resr) UITIEIS
ex|S|

The substitution of equalities (5) and (6) in relation (4) yields relation (3). The converse is a
straightforward computation.

In order to check uniqueness it is enough to prove that if

0= 5 Afsp)
n (5, P)ee
5N
w(N {nNh , )
R Basn| Y. Y. TWEP = Y Isw(s,P)
(AISLITD (5,P)eE TEP\{S} (5.P)ee
ﬁ.g.: =A,531 ﬂ.;p =A.52i

[P(@)I=ITI

where the B, . . 's satisfy conditions (2) and (3) for (A,8)€F,, for every game w and for every player
i, then every B, q ., vanish.

Thus, for given (A[S|,|T|)€B, let S={1,..,s} and P be any partition such that SeP and A,=A. Also let TeP.

Let w=u, and pick any i€T. Then the above sum reduces to

0 = Beisiirn

Exqmple 5 For n=4, every solution satisfying the axioms of linearity, symmetry, nullity and effi-
1

ciency takes the form given in (1), where the parameters B's satisfy Bz = — and from the

system of equations (3):

—Bi11111,1) T 28211121 — 2B(21111,2) = 0
2B(1221,2,2) — Bz111,3) — Bz, = 0
—2B211121) + Bz1)31) — 2B(22)22) = 0

Of course, the Myerson value meet the constraints established by the above system of equa-
tions. Indeed, its corresponding parameters are the following:
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Table 2. Parameters for the Myerson value.

B([1111],1,1) B([211],1,2) B([211],1,1) B([211],2,1) B([22],2,2) B([31],1,3) B([31],3,1)
1/6 -1/6 0 -112 1/8 1/4 1/12

Corollary 1 The space of all linear, symmetric, efficient and null solutions in n players has dimen-
sion |B_|-|F_|-1.

Now, a natural requirement for a fair division scheme is that it remunerates the players of a
game taking into account their contribution to the surplus generated via cooperation. Indeed, in
Shapley’s axiomatization for games in characteristic function form (externalities are not consi-
dered), the nullity axiom requires that no share be allocated to players with zero contribution to
any possible coalition that could be created in the coalitional game. The key issue, then, is how
such contribution should be measured.

Here for environments with externalities, we propose to define the marginal contribution of a
player i in the context of the partition function wel as follows: Given a partition function wel’ and
a coalition SCN, the marginal contribution of player i in the coalition S is defined as:

MCi(S,P) = w(S,P) —w(S ™, {(P() " {{}} UP\{P(D)D
The marginal contribution of a player ieN to (S,P)€E can be understood in two aspects:

1. Direct(i €S,1e., S=P()):
MC;(S,P) = w(S,P) —w(S7L{S™L {i} U P\{S}H
2. Indirect (i & S):

MCi(S,P) = w(S,P) —w(S,{(P())7, {i}} U P\{P()})

The direct marginal contribution evaluates how the presence of player i in the coalition S affects
the distribution of wealth in that specific coalition. It compares the original distribution of wealth
in S with the adjusted distribution that would result if i decided to leave the coalition and work
alone. If the difference is positive, the presence of i improves the distribution of wealth in S; if
negative, it could be negatively affecting that distribution. In summary, MC, quantifies the direct
impact of player i participating in the wealth of coalition S.

In the case of indirect marginal contribution, if i is not in S, we want to evaluate how the situation
would be affected if i decided to join. To do this, we consider how the total benefit of the team
in S changes when i leaves another team, TeP (which is not S), and decides to work alone. This
indirect marginal contribution helps us understand the potential impact of i's participation in S
by considering their exit from another team.

In essence, we are exploring how the presence or absence of i can influence the group’s benefits,
either directly when they are already part of the team or indirectly when evaluating how their
decision to join would affect other teams. The structure of the partition is adjusted to isolate i and
evaluate this impact more clearly.

So, the marginal contribution represents the total wealth generated by the coalition S that is
distributed among the players according to the partition function w. The marginal contribution
of iin S is calculated by taking the difference between the original distribution and the adjusted
distribution when i joins or leaves the coalition.
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This quantity reflects the specific influence of player i on the wealth distribution in coalition S. If
i has no influence (because he is a null player), the marginal contribution will always be zero,
indicating that their presence or absence does not affect the wealth distribution in that coalition.

In this context, it is important to highlight that it could be possible to express any linear, symme-
tric, null and efficient solution in partition function games as a linear combination of marginal
contributions. By focusing on the payment of players in this way, it provides a clearer and more
accessible insight into how the individual actions of each player can marginally affect the final
outcome of the game.

Example 6 From example 2, the expression y, (w) represents the payment assigned to player ],
computed from a partition function w in the case n=3. Each term in the formula reflects the con-
tribution of player 1 in different scenarios, considering the coalitions in which they participate.
The classification as direct or indirect indicates whether the contribution is direct when present
in the coalition or indirect if not.

¢1£W) = 20[w({1}{{1} {2} {3}}) —w(d,P)] Direct
+(§ —o)[w{1}, {{1},{2,3}}) —w(0,P)] Direct
+ % w({1.2}, {{1,2}, {3}}) — w({2}, {{1}, {2}, {3}]] Direct
+ % w({1,3}, {1,3}, {2}}) —w({3}, {1}, {2}, {3}}] Direct
+(o— %)[W({Z}: {11,352} —w({2},{{1}, {2}, {3}}] Indirect
+(o— %)[W({3}; {{1.2}, {331 —w({3}, {{1}, {2}, {3}}] Indirect
+ % [w({1,2,3}, {{1,2,3}}) — w({2,3}, {1}, {2,3}}] Direct

Recall that this solution satisfies the axioms of linearity, symmetry, nullity and efficiency for any
choice of c€R.

Remark 11t is well known that in the Shapley context, given a carrier coalition T, if i¢T, then i is
considered a null player. However, this is not necessarily the case with the Myerson carrier in T,
as players may have an individual value but do not generate surplus when joining coalitions.

Notice that our definition of a null player and Myerson’s carrier definition reveal that if a player
is not in a carrier T, it does not necessarily mean he is null. This will be better visualized in the
following example.

Example 7 Consider the following game:

Table 3. A game with a carrier.

Embedded coalitions Worth
{1}.{2} {3} (5,0,0)
{12},{3} (50)
{1,3},{2} (5,0)
{2.3}.{1} (0,7)
{123} (7)

According to Definition 2, coalition T={1} is a carrier for the previous game. However, players 2
and 3 are not null players (Definition 3).
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The payoff for players, from the solution y(w) that satisfies the axioms of linearity, symmetry,
nullity and efficiency, is

(7)
19 1 1
Y(w) = (? — 40,5 + 20,5 + 20)

where c€R is arbitrary.

The following graph shows this family of solutions:

Figure 1. Family of linear, symmetric, efficient and null solutions for 3 players.

| wiw) — (W) = y3(w) =1 +20
—y(w) =Y 4o

/ —1.0) \QO) 3

In this context, the payments along the lines represent the payment assignments for the players
as a function of the parameter o. Each line in the graph corresponds to the payments of a spe-
cific player, and its slope determines how those payments change as we adjust the value of c.

1) Blue lines (players 2 and 3): Both blue lines are the same, indicating that players 2 and 3 recei-
ve the same payment amount. The slope of these lines is positive, indicating that the payments
of players 2 and 3 increase as o increases. When =0, both players receive a payment of , and
this payment increases linearly with o.

2) Red line (player 1): The red line has a negative slope meaning that the payment of player 1
decreases as o increases. When o=0, player | receives a payment of 1_" and this payment de-
creases linearly with o.

In general, moving along these lines in the graph reflects how the payment assignments for
each player evolve consistently in response to changes in the parameter ¢ according to the
solution given by equation (7), causing the multiplicity of solutions.

4.1. Comparison with other null players definitions

Now we turn to different versions of players who do not contribute to the game, commonly refe-
rred in related literature to as null players or dummy players. There are various iterations of null
players, and each version gives rise to a different extension of the Shapley value.

Definition 4 (Null player in partition function form games (Pham Do and Norde, 2007)) Given a
partition function form game (N,w), a player i is a null player if for all P3{i},

* w({i},P)=0 and
« w(T*,P' (T))=w(T,P) VTEP
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Our definition:

- It focuses on the redistribution of wealth in the game when the null player is present or
absent in a coalition.

- It evaluates how the partition p changes when the null player is involved in a coalition
and when they are not.

- It does not establish specific conditions on the value of the null player or their impact on
other coalitions.

Definition from Pham Do and Norde (2007):
« |tis based on two distinct conditions:

a) The null player has no value by himself and does not contribute to any coalition they par-
ticipate in.

b) The wealth generated in a coalition before and after the null player leaves their coalition
and joins another is equal.

- Does not consider the impact of the null player on the redistribution of wealth between
coalitions but rather focuses on their nullity in terms of contribution and maintaining
constant wealth in the coalitions, without considering their impact on redistribution.

In summary, the main difference lies in the focus of each definition: our proposal focuses on how
the null player affects the distribution of wealth, while the definition from the literature focuses
on the nullity of the player in terms of contribution and on maintaining constant wealth in the
coalitions, without considering their impact on redistribution.

Definition 5 (Dummy player (Macho-Stadler et al., 2007)) Given a game in partition function
form w, a player i is a null player if for all P>{i},
w(T ™, PYT)) =w(T,P) VT EP

Note that Pham Do and Norde require the wealth associated with the coalition {i}eP to be zero for a
player to be considered null, while Macho-Stadler does not include this additional condition. Both
definitions share the consistency condition of wealth in coalitions that involve the null player.

Definition 6 (Efficient-cover null player (Hafalir, 2007)) Given a game in partition function form
w, a player i is an efficient-cover null player if for all SN, the efficient-cover function w satisfies

w(S, {S}uSD) =w(Ss L {STITu S|

Our definition:
« It directly applies to a partition function in a game (N,P).

« The comparison focuses on how wealth is distributed across different coalitions with or
without the presence of player i.

« It does not make explicit assumptions about the structure of the remaining players in the
coalitions.

Hafalir's definition (Efficient-Cover Null Player):
« It applies to the efficient partition of a game and its partition function w.

« The comparison is made in terms of how the efficient partition behaves rather than the
original partition.

- It explicitly assumes that the remaining players in the coalition are singletons (individual
players without coalitions).
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In summary, the main difference lies in the focus and the context of application. Our proposal
centers on the original partition function and applies more generally to different coalition struc-
tures, without making assumptions about the remaining players. In contrast, Hafalir's definition
focuses on the efficient partition and assumes a specific structure of the remaining players (all
are singletons) in the coalitions.

Definition 7 (Null player in the strong sense (Bolger, 1989)) Given a game in partition function
form w, a player iis a null player in the strong sense if for all (S,P)EE and TeP where TS,

w(S,P) = w(S L, PT))

Therefore, the value of a coalition is not changed if a null player in the strong sense is transferred
to another coalition in the partition. As a special case, looking at S={i} shows that the value of a
singleton that is a null player in the strong sense is zero in any coalition structure and, therefore,
the term null is more appropriate. Notice also that i€S is not required. In essence, this property
captures the irrelevance of null players (Macho-Stadler et al., 2007) in two aspects:

1. A null player in the strong sense does not contribute to a coalition since if i€S, then the
departure of i does not change the payoff of S. (Using the relation on T+ also shows that i
does not increase the payoff of T by joining.)

2. A null player in the strong sense does not generate externalities since moving i between
coalitions does not change the payoff of third parties, that is, coalitions S#{i}.

The concept of a null player in the strong sense is intimately related to extended carriers. If CEN and
¢, where i€C, are both extended carriers, then i is a null player in the strong sense (McQuillin, 2009).

Now,

 Nullity condition: In our proposal, a player i is considered a null player if, for every pair (S,P)
in the efficient coalition structure, the wealth generated by the coalition S remains the
same, regardless of whether i is present or absent in that coalition. In Bolger's definition, a
player iis a null player in the strong sense if, for every pair (S,P) and for every set T in P (in-
cluding the possibility of transferring i to other coalitions), the wealth of S is invariant. This
implies that a strong null player not only doesn't affect the coalition to which they belong
but also does not affect other coalitions to which they might be transferred.

« Contribution to coalitions: In our proposal, it is emphasized that a null player does not
contribute to a coalition since their presence or absence does not affect the wealth dis-
tribution. In Bolger’s definition, this is reflected in the property that the exit of a strong null
player (if i€S) does not change the outcome of coalition S, indicating that this player does
not contribute to the coalition in terms of wealth.

» Generation of externalities: Our proposal does not specifically mention externalities, but
Bolger’'s definition addresses this aspect by stating that a strong null player does not ge-
nerate externalities since moving i between coalitions does not affect the rewards of third
parties (coalitions S#{i}).

» Presence of player i: In our proposal, it is not required for i to be present in coalition S to be
considered a null player. Bolger’s definition does not mention the need for i to be present
in S but focuses on how their transfer affects rewards.

Definition 8 (Null player with steady marginality (Skibski, 2011)) A player i is a null player with
steady marginality if for all partitions PEM(N),
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(8)

T%J w(P(D),P) - w@)LP(T) =0 and

T31

(9)

w(N, {N}) —w(N" (N7 {i}}) = 0

The definition of null player with steady marginality establishes a special condition for a player
iin a cooperative game. It claims that a player that is a null player in the strong sense is also a
player with steady marginality, so, a player is said to be a null player with steady marginality if,
for all ways of partitioning the players into coalitions, a specific condition holds.

This condition involves two parts:

1. The first part of the condition (8) states that, for each partition P that does not include
playeriin any coalition T, the sum of differences between two wealth values must be equal
to zero. These wealth values are associated with player i participating or not participating
in coalition P(i).

2. The second part of the condition states that the wealth difference between the total game
N and the game excluding player i must also be equal to zero. This implies that player
i's contribution to the total game and their contribution when excluding i along with a
coalition containing only i must be equivalent.

In summary, this definition characterizes a null player with steady marginality as one whose
contribution to wealth is consistent and balanced across all possible partitions of the player set.

- Difference in formulation: In our proposal, the condition for a player to be null is based on
an equality that compares the wealth of a coalition with the wealth of the same coalition
after removing player i. In contrast, Skibski's definition is based on two separate condi-
tions: one related to the sum of wealth differences between coalitions in a partition and
another related to the wealth of the entire set of players.

« Steady marginality: Skibski's definition incorporates the concept of steady marginality,
which implies that player i cannot join an empty coalition and form a new coalition. This
restriction is not present in our proposal.

« Relationship between definitions: Skibski points out that a null player in the strong sen-
se (satisfying the conditions of our definition) is also a player with constant marginality.
However, the two definitions are not mutually related, indicating a difference in approach
and requirements to be a null player.

5. CONCLUSION

In summary, this work has focused on the quest for alternative characterization of Myerson'’s value
in partition function form games. Unlike Shapley, whose uniqueness is established in characteristic
function games, we have demonstrated that in partition function form games, it is not possible
to find a characterization that is simultaneously linear, symmetric, null and efficient. This finding
highlights the fundamental structural differences between these two types of cooperative games.

The introduction of a null player in the characterization reveals a family of parameterized so-
lutions, indicating the diversity of possible outcomes and the lack of uniqueness in this context.
However, to achieve a unique solution in partition function form games, it is suggested to explore
additional axioms or consider more specific axioms that can constrain the parameterization.
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One possible avenue to attain uniqueness could be the introduction of additional constraints on
the alternative parameters, such as specific conditions on their values or relationships between
them. These constraints could be derived from desirable additional properties in the specific
problem context or from empirical analyses of concrete situations.

In conclusion, this work not only provides a clear insight into the limitations of a unique cha-
racterization in partition function form games but also suggests that the pursuit of uniqueness
could benefit from the inclusion of additional constraints based on more detailed theoretical
considerations or practical application of the model. These suggestions offer a valuable direc-
tion for future research, opening new opportunities to better understand the nature of solutions
in cooperative games.
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